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Abstract— Surrogate selection for hypersonic
propulsion remains challenging because method per-
formance may vary across the operational envelope.
This work compares a previously trained deep neural
network (DNN), evaluated for a fixed geometry, with
six interpolation and fitting methods for predicting
net thrust (Fhe;) over a feasible scramjet performance
envelope subject to the Korkegi criterion: bilinear Q1,
nodal @2 and @3, complete quadratic P», weighted
least-squares P, and Gaussian radial basis function
interpolation. At four central validation points, the
DNN achieved the lowest root mean square percentage
error (RMSPE, 2.41%) and root mean square error
(RMSE); at four edge points, several methods achieved
lower RMSE values. No method dominated across
regions and error criteria. The results support a com-
plementary, region-aware use of the DNN and classical
methods/estimators based on domain location, nodal
support, and point coverage rather than aggregate
metrics alone.

Keywords— Scramjet, net thrust, nodal inter-
polation, deep neural network.

I. INTRODUCTION

Conceptual design and multi-objective optimiza-
tion of aerospace vehicles, especially air-breathing hy-
personic configurations such as scramjets, require the
repeated evaluation of aerodynamic and propulsive perfor-
mance parameters [1]. However, high-fidelity Computatio-
nal Fluid Dynamics (CFD) simulations remain financially
and computationally prohibitive for extensive iterative
optimization loops [2], [3]. This computational bottleneck
is even more severe in propulsion problems involving
hypersonic reactive flows [4], [5].

To overcome this limitation, the literature has es-
tablished surrogate models as efficient approximations for
expensive functions [6], [7]. Traditionally, response surfa-
ces have been constructed using classical local and global
approximation methods, including Radial Basis Functions
(RBFs), thereby replacing repeated high-cost evaluations
within optimization procedures [8], [9]. More recently,
deep-learning approaches have received increasing atten-
tion. Deep Neural Networks (DNNs) have emerged as
alternatives for mapping nonlinear relationships with low-
cost inference, thereby reducing the computational burden
of repeated evaluations in optimization problems [10]-[12].
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Despite the increasing adoption of DNNs, the un-
restricted replacement of classical interpolation methods
by neural models still requires caution [13]. In realistic de-
sign scenarios, such as scramjets, the feasible search space
is not only nonlinear but also bounded by operational
and physical constraints [14], [15]. One such constraint is
the semi-empirical Korkegi criterion [16], applied to avoid
boundary-layer separation induced by shock—boundary-
layer interaction. Imposing this limit acts as a feasibility
filter that generates a discrete envelope of feasible perfor-
mance, in which the optimal geometry may change abrup-
tly between neighboring flight conditions [1]. Such changes
may introduce local irregularities or discontinuities in the
derivatives of the resulting performance surface.

Recent work has shown that favorable global error
metrics may conceal regional degradation in DNN predic-
tions when the Mach—altitude domain is non-uniformly
represented [13]. Previous scramjet studies have compa-
red surrogate models for design and optimization, inclu-
ding Artificial Neural Networks (ANNs), global polyno-
mial response surfaces, and Kriging models [17], as well
as Kriging-based combustor optimization coupled with
NSGA-II [18]. However, these studies focused on global
surrogate models over design spaces rather than on local
nodal interpolation across an operational envelope. To
the authors’ knowledge, the literature still lacks a direct
region-wise comparison between DNN predictions and lo-
cal mathematical interpolators on a feasibility-constrained
scramjet performance surface, explicitly accounting for
local nodal support, edge-specific support adaptations,
and feasibility-induced irregularities.

This work evaluates methods for estimating the
net thrust F,.; at intermediate points of the operational
grid defined by the freestream Mach number, My, and
geometric altitude, Z (km). The DNN is evaluated for
a fixed scramjet geometry selected as the configuration
yielding the largest Fi,¢; at Mach 8 and 30 km altitude. For
the local interpolation and fitting methods, the discrete
grid available in the SCRJTTD dataset [13] is used to
construct the nodal performance surface. For each pair
(My, Z), the largest Fo; value among feasible candidate
geometries is selected, subject to Korkegi = 1, which
indicates non-violation of the Korkegi feasibility criterion
[1]. The resulting nodal surface therefore represents a
discrete envelope of feasible performance.

The evaluated intermediate points lie between
the discrete grid conditions, as shown in Fig. la, and



include both central points and points near the domain
edges. This distinction is relevant because higher-order
local methods depend on the availability and spatial dis-
tribution of neighboring nodes and may therefore behave
differently near the domain boundaries. In addition, the
expected physical behavior of Fie¢ as a function of M,
is nomlinear [13] (Fig. 1b), motivating the evaluation
of methods beyond bilinear interpolation. The adopted
polynomial methods are described through the relati-
onship between approximation bases, nodal matrices, and
interpolation functions, following the finite-element for-
mulation presented by Passaro [19]. In addition, a local
weighted least-squares quadratic fit, Gaussian RBF inter-
polation [20], and the external prediction of a previously
trained DNN [13] are considered.
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(a) Evaluated intermediate po-
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of Fhet. Source: adapted from
[13].

Fig. 1. Evaluation scenario.

The contribution of this work is methodologi-
cal: it provides a region-aware comparison between a
previously trained DNN and classical interpolation and
fitting methods over a feasibility-constrained scramjet
performance envelope. By separating central and edge
conditions and accounting for nodal support and point
coverage, the analysis evaluates both predictive accuracy
and regional variations in DNN reliability. The classical
methods/estimators are thus used both as alternative
estimators and as diagnostic references. The mathematical
formulations and comparison metrics are presented next.

II. MATHEMATICAL FORMULATION
A. Discrete nodal support surface

For each discrete condition (Mg ;, Z;), the nodal
value used by the interpolation or estimation methods
is defined as the largest feasible Fyo; among the dataset
candidates. Let:

Cij ={k: Moy = Mo,, Z, = Zj, Korkegi, =1} (1)

be the set of feasible candidates associated with the
discrete cell (M ;, Z;). In Eq. (1), k is the candidate index
in the dataset, My and Zj are, respectively, the Mach
number and altitude of that candidate, and Korkegi, =1
identifies the feasibility condition used in the selection.
When C;; # @, the nodal value is defined as (Eq. (2)):

F = F* (Mo, Z;) = I?el%x Fret k- (2)

ij

where F;; is the best nodal value for F, selected in cell
(Mo, Z;), and Fyey k is the net thrust of candidate k. This
rule reproduces the selection implemented in the code:
Korkegi = 1 is retained, and the largest Flo is selected
in each cell, corresponding to the condition-specific op-
timal geometry. Since this geometry may vary from cell
to cell, the surface F* represents a performance enve-
lope and may exhibit derivative discontinuities between
neighboring cells; this feature must be considered when
interpreting interpolation errors. From these nodal values,
each method m estimates:

at intermediate points of the domain. In Eq. (3), (Mg, Z*)
is the query point and F{,,) is the estimate produced by
method m. The altitude Z is used to compute Py and Ty
from the standard atmosphere [21], without interpolation
of these quantities. The methods described below operate
only on the nodal values of Fyet.

B. Standard matrixz nodal form

Consider a polynomial basis written as a column
vector, as in Eq. (4):

P.(&,n)]" e R™

(4)
where ¢ and 7 are local coordinates, P, (&, 7n) is the n-th
basis function, and n is the number of basis terms. Since
p(&,n) is defined as a column vector, its transpose p(&,n)7
is used to form the inner product with the coefficient
vector of the approximation a (Eq. (5)):

p(gv 77) = [Pl(é-?n) PZ(fﬂ?)

F(gn) =pEmnTa,  acR™! (5)
where F(£,n) is the approximation of the quantity of
interest at the local point (£, 7). Evaluating the basis at
the n nodal points defines the nodal matrix:

p(&,m)”

p(&2,m2)"

[Pr] = e R™™ (6)

p(én;nn)T

In Eq. (6), (&,n:) is the i-th nodal point in
the reference system, and each row of [P,] contains the
polynomial basis evaluated at that point. The vector of
nodal values F,,, Eq. (7), satisfies:

F, = [P,]a. (7)
where F,, = [F}, Fy, ..., F,])T collects the Fyo; values at

the nodal points used by the method. When [P,] is square
and nonsingular, one obtains:

a=[P,] 'F,. (8)



The nonsingularity condition in Eq. (8) ensures
that the nodal values uniquely determine the basis coeffi-
cients. Substituting Eq. (8) into Eq. (5) gives Eq. (9):

F(&n) =pE&n)T[P] 'Fa. (9)

Now, defining:

N(&m" =pE&n P (10)
the nodal form is obtained by combining Eq. (9) and
Eq. (10):

F(&m) =N(&n) F. (11)

In Egs. (10) and (11), N is the vector of inter-
polation functions. For exact nodal interpolations, these
functions satisfy N;(&;,m;) = 0;5, where 6;; is the Kro-
necker delta: d;; = 1 when ¢ = j and J;; = 0 otherwise.
This condition means that the i-th interpolation function
is equal to one at its own node and zero at all other nodes,
according to the finite-element nodal formulation [19]. In
the method notation adopted in this work, this exact
nodal form is used by methods “a” (@)1 interpolation), “b”
(Q2 interpolation), “c” (@3 interpolation), and “d” (com-
plete quadratic P, interpolation). Method “e” denotes
the local weighted least-squares quadratic fit; it preserves
the same algebraic structure through generalized shape
functions, but without the strict nodal property. Method
“f” denotes Gaussian RBF interpolation, which can also
be written in generalized nodal form, as shown next.

C. Summary of the methods

The chosen methods are summarized in Table I.
Throughout the text, methods “a”’—“f” denote six inter-
polation or estimation procedures applied to the nodal
surface F*(My, Z), while “DNN” denotes the prediction
obtained from the previously trained neural model. The
polynomial methods use local coordinates (£,7) obtained
by affine mapping or by centering and scaling the grid
around the target point. The @1, @2, and Q3 bases are
tensor-product bases, whereas P, is a complete quadratic
basis of total degree two [19].

Method “a” uses the four vertices of the rectan-
gular cell containing the target point and combines them
with the standard bilinear weights. Method “b” extends
this idea to a 3 x 3 grid and determines a tensor-product
@2 polynomial from nine nodal values; near edges, the grid
is shifted asymmetrically to remain inside the available
domain. Method “c” uses the analogous 4 x 4 grid and
a Q3 tensor-product basis, increasing polynomial order
and nodal support when enough neighboring points are
available. Method “d” uses the complete quadratic space
P, and thus requires six geometrically unisolvent support
points; in practice, the selected grid must yield a full-rank
nodal matrix so that the quadratic polynomial is uniquely
determined. Method “e” uses the same P, basis, but
solves an overdetermined weighted least-squares problem
with at least nine local nodes. The weights are based on

TABLE I. Summary of the evaluated methods.

Main cha-
racteristic

Method Basis/model Support

Bilinear
nodal

4 cell vertices

a Q1= (1,§n,€&n)

b Qo = (51771)?’]:0 3 x 3 grid Biquadratic
tensor-
product
Bicubic
tensor-
product

c Qs = <§inj>’ij:0 4 x 4 grid

Complete
quadratic
‘Weighted
quadratic
local fit
Gaussian
RBF
External
DNN
prediction

d Py = <17€x777£27577,7]2> 6 nodes

e Py WLS > 9 local nodes

available nodes

f é(r) = exp[—(r/e)?]

DNN fo(x)

n/a

inverse squared distance to the target point, increasing
the influence of nearby nodes and making the method a
local fit rather than an exact nodal interpolator.

Method “f” uses a Gaussian RBF, ¢(r) =
exp[—(r/¢)?], where ¢ is the radial kernel, r is the nor-
malized Euclidean distance between the query point and
a support node in the (My,Z) plane [20]. The shape
parameter € > 0 controls the radial decay, that is, how
rapidly the influence of a support node decreases with
distance; smaller values produce more localized functions,
whereas larger values produce smoother and more global
influence. In this work, ¢ is scaled by a constant factor
of 1.5 relative to the median nearest-neighbor distance to
balance localization and smoothness. Tikhonov regulari-
zation is employed to improve the numerical conditioning
of the RBF linear system [20], [22]. Specifically, regulari-
zation is triggered whenever the condition number of the
system exceeds the maximum threshold of 10'2. To obtain
acceptable conditioning while limiting regularization, the
candidates [0,10712,1071%,1078,107°] are tested sequen-
tially.

Finally, the DNN prediction is treated as an exter-
nal model evaluation: the trained mapping fy is evaluated
for the fixed geometry under analysis, where f denotes
the mapping function and 6 represents its trained weights
and biases. No retraining is performed within the present
comparison, and the architecture and parameters are used
exactly as in [13]. The prediction is given by Eq. (12):

Foonny = fo(hs, yo, y1,y2, To, Po, Mo). (12)
where ﬁ(DNN) is the predicted net thrust and fy(-) is the
DNN mapping parameterized by the trained weights and
biases #. The input arguments comprise the combustor
height (h3), the shock intensities at the first, second,
and third ramps (yo, y1, and y2), and the freestream
properties given by the Mach number (M), pressure (Fp),
and temperature (7). The flight altitude is converted into
To and Py through the standard atmosphere model [21];
thus, altitude does not appear explicitly as an input of



the mapping in Eq. (12). The fixed geometry adopted in
this study corresponds to the configuration selected for
yielding the largest Fiet at My = 8 and Z = 30 km, a
condition located at the center of the investigated domain.
Predictions for this fixed geometry are evaluated at each
of the eight points marked in Fig. 1a. None of these points
was included in the DNN training set.

III. PERFORMANCE METRICS

For each point 7 and method (m), the signed error
is defined in Eq. (13) as

€i,(m) = Fi,(m) - Frcf,i. (13)
where ﬁi,(m) is the value estimated by method (m) at
point ¢, and Fier,; is the reference value at the same
point. The values Fsf; come from the computational
optimization software used in [1], which is based on
reliable physical models accounting for Mach number
and flight altitude [13]. Positive values indicate overes-
timation; negative values indicate underestimation. The
pointwise absolute error is defined in Eq. (14) as

AE; (m) = |ei,(m)l- (14)
where AE; (,,) expresses the absolute discrepancy at point
i for method (m). The pointwise absolute percentage error
is defined below, Eq. (15):

APE; 1002 Eiem)
,(m) = ;

ref,i

FrefJ‘ > 0. (15)

so that APFE; (,,) measures the absolute error relative to
the magnitude of the reference value. If, for any given da-
tapoint, Fier; = 0, the percentage error is mathematically
undefined. Thus, the point remains in the absolute metrics
but is excluded from percentage statistics. At My = 6.5,
Z = 37.5km, the reference value is assigned as Fief; =0
by the optimization software because the evaluated solu-
tion violates the Korkegi criterion. This value is therefore
an infeasibility flag rather than a physically meaningful
zero-thrust operating condition. For a set S(,,) of valid
points for a method, the following aggregate metrics are
used:

1
RMSE@m) = | 75— > (16)
(m) iES(m)
1
RMSPE(m) = | =7 S (APEw) . (17)
S| €S,
In Egs. (16)—(1 ) \S(m)| is the number of points
evaluated by method ( is the subset of points
with Frer; > 0, RMSE(m) is tile global root mean square

error, and RMSPE(,,) is the root mean square percentage
error. Limitations of RMSE in model comparisons are
discussed in the literature [23]. Since methods “b” and “c”

are not applied to the same set of points, comparing their
aggregate indicators must account for point coverage.

IV. RESULTS AND DISCUSSION

Table II summarizes point coverage by method.
Methods “a”, “d”, “e”, “f”, and DNN are evaluated at
the eight intermedlate points Method “b” is applied only
to the four edge points, whereas method “c” is applied
only to the four central points. This coverage difference
arises from the method-specific grid definitions used in the
calculation cell and must be considered when comparing
aggregate metrics. As mentioned previously, the reference
values used in the metrics of this section were obtained
with the computational optimization software employed
in [1].

TABLE II. Point coverage by method.

Method Edge Central Total
a 4 4 8
b 4 0 4
c 0 4 4
d 4 4 8
e 4 4 8
f 4 4 8
DNN 4 4 8

Figure 2 directly compares the estimated and
reference normalized values. The point (My,Z) =
(9.5,22.5 km) dominates the absolute scale because it
concentrates the largest reference value and the largest
absolute discrepancies. This figure shows that not all
methods yield close agreement with the reference, espe-
cially at this point. By contrast, the estimates are more
closely clustered at (My, Z) = (6.5,37.5 km).
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Fig. 2. Normalized reference net thrust and estimated values per
method.

Figure 3 summarizes RMSPE,,,y by point class.
At the edge points, methods “b”, “e”, “f”, and DNN pro-
duce similar values, ranging from 21.90% to 22.62%, whe-
reas method “a” yields the largest error (32.53%). At the



central points, the DNN achieves the lowest RMSPE,,)
(2.41%). This central advantage may be related to the
proximity of these points to the condition (My,Z) =
(8,30 km) used to select the fixed geometry, although the
present results do not establish this relationship causally.

Method
BN Method a
30 W Method b
B Method ¢
B Method d
N Method e
EEm Method f
= DNN

Mean RMSE (%)

edge central
Point type

Fig. 3. Root mean square percentage error by point class.

Table IIT reports both percentage and absolute
errors by point class. Methods “b” and “c” are evaluated
on different subsets: method “b” is restricted to the edge
points, whereas method “c” is restricted to the central
points. Their metrics must therefore be interpreted ac-
cording to this difference in coverage. In addition, the
edge-point RMSE includes the condition with Fies = 0,
whereas the corresponding RMSPE excludes that condi-
tion because its percentage error is undefined.

TABLE III. RMSE and RMSPE by point class.

Method Edge Central Edge Central
RMSPE(,,y RMSPE(,,y RMSE(;;,y RMSE(

a 32.53 19.19 1166.02 304.31

b 22.62 - 856.90 -

c - 7.70 - 115.01

d 25.60 7.65 895.62 111.71

e 22.33 6.51 889.27 95.94

f 21.90 16.50 1581.86 213.15

DNN 22.33 2.41 1023.06 33.07

Method “a” produces the largest RMSPE in both
point classes and the largest central RMSE, indicating
that the bilinear basis is insufficient to represent the local
variation of the performance surface. Method “b” reduces
both edge metrics relative to method “a”, although its
support must be shifted asymmetrically near the domain
boundaries. In the central subset, method “c”, the highest-
order polynomial interpolator considered, produces results
comparable to method “d”, but it cannot be assessed at
the edge points.

The comparison between methods “d” and “e”
illustrates the effect of replacing exact nodal interpolation
with local approximation. Method “d” constructs a com-
plete P, interpolant from six unisolvent support points
and is therefore sensitive to the selected stencil. Method

3k

e” uses an overdetermined weighted least-squares fit and
yields lower RMSPE and RMSE in both point classes.

Method “f” yields the lowest edge RMSPE
(21.90%) but the largest edge RMSE (1581.86). This
contrast must be interpreted in light of the different sets
used by the two metrics: the zero-reference edge point
contributes to RMSE but is excluded from RMSPE. Con-
sequently, the percentage result alone does not represent
the method’s behavior over all edge conditions. Because
Gaussian RBF interpolation depends on the shape pa-
rameter, regularization, and coordinate scaling [20], [22],
this result also motivates a sensitivity analysis of each.

The DNN exhibits the strongest regional contrast.
It achieves the lowest central RMSPE (2.41%) and RMSE
(33.07), but its edge RMSE increases to 1023.06, excee-
ding the corresponding values obtained by methods “b”,
“d”, and “e”. Thus, its relative advantage is confined to
the central subset and does not extend uniformly to the
domain boundaries. One possible contributing factor is
the variation of the combustor-entrance temperature T3 at
the edge conditions, whereas the DNN was trained using
a fixed value of T3. This hypothesis should be assessed by
extending the training data over a range of T3 values.

Wall-clock time was not measured; computational
cost is compared qualitatively in terms of online opera-
tions. Method “a” uses four-node bilinear interpolation;
“b” and “c” solve 9- and 16-node polynomial systems;
“d” solves a six-node P, system after stencil checks; “e”
performs weighted least squares; and “f” solves a dense
RBF system with conditioning and regularization tests.
DNN inference requires a single forward pass, excluding
training. Thus, “a” has the lowest nominal workload
among classical methods/estimators and “f” the highest;
DNN cost depends on architecture and hardware. All
seven predictors avoid repeating the metaheuristic opti-
mization used to generate the reference solutions in [1],
which involved 20 runs of each metaheuristic per problem,
each with a stopping criterion of 10* objective-function
calls, and thus require orders of magnitude fewer iterative
evaluations.

V. CONCLUSION

This work compared a previously trained DNN
with classical local interpolation and fitting methods over
a feasible scramjet performance envelope constrained by
the Korkegi criterion. Its main scientific contribution is
a region-aware comparison that distinguishes central and
edge behavior and relates prediction errors to nodal sup-
port and point coverage, allowing local estimators to serve
as diagnostic references for DNN reliability. No method
dominated all error criteria; performance depended on the
metric, domain location, and local nodal structure.

At the central points, the DNN achieved the
lowest RMSPE(,,,) and RMSE(,,) among the methods
evaluated at those points, indicating better predictive
performance near the Mach-altitude condition used to
select the fixed geometry. This advantage did not extend
to the edges: the DNN edge RMSE,,,) (1023.06) exceeded



those of methods “b” (856.90), “d” (895.62), and “e”
(889.27). Thus, aggregate or central-region metrics may
conceal regional degradation, as observed at the evaluated
high-Mach, low-altitude conditions.

Taken together, these findings support a comple-
mentary, region-aware strategy that exploits the DNN’s
central-region accuracy and low-cost inference while using
local estimators as alternative predictions and reliability
diagnostics near domain boundaries. This interpretation
is limited by the eight intermediate validation points
and the fixed geometry used for DNN evaluation. The
results provide evidence of region-dependent behavior at
the sampled points but do not demonstrate generalization
throughout the feasible envelope or to other geometries.
Future work should increase the number and spatial cove-
rage of validation points, consider additional geometries
and variations in T3, and examine hybrid strategies combi-
ning DNN predictions with local interpolation diagnostics.
Alternative neural architectures may also be investigated
to determine whether they improve the accuracy and
efficiency of nonlinear scramjet performance prediction,
including self-attention/transformer networks [24], Inter-
polating Neural Networks (INNs) [25], and Kolmogorov—
Arnold Networks (KANs) [26], [27].
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